We present a method for calculation of statistical correlations between measured jet observables in high energy collisions. The method is compared to sampling based methods used in the past. The case of measurements of jet rates in e + e − collisions is considered in detail.
Introduction
In high energy particle collisions the partons and hadrons are produced in collimated bunches called jets. In a very simplified model a jet can be considered as a parton that was produced in a hard process and went through showering and hadronisation processes. The studies of jet production in the e + e − , e ± p and pp collisions serve as a strong test of Quantum Chromodynamics (QCD).
Comparisons of the jet production cross sections in e + e − collisions to the fixed order or resummed perturbative QCD predictions are used for the extraction of the strong coupling constant α s (M Z ) [1] [2] [3] [4] . For the ultimate precision of the α s (M Z ) determination, several measured jet observables are combined. In this case the statistical and systematical correlations between the measurements of jet observables are important. To estimate the statistical correlations between the measured quantities, sampling method was used in the past [2] [3] [4] [5] . To obtain sufficiently precise results and to avoid complications related to detector corrections the sampling method was applied to Monte Carlo (MC) simulated events at particle level. This method relies on the underlying MC models, which is a source of potential bias of the obtained results.
In this work we introduce jet observables classes. We show how to calculate jet rates and other observables using classes and how to obtain statistical correlations between them in a model-independent way using only data. As an example we consider jet rates in the e + e − collisions. We compare the results to those obtained with sampling method.
Jet algorithms
A jet clustering algorithm is a way to simplify high energy collision event topology and exhibit the underlying physics at the parton level. The main goal of such a procedure is to reconstruct the kinematic variables of the partons produced during the primary hard interaction. The energy and the momenta of the partons are reconstructed by combining momenta and energy of the charged and neutral particles which are clustered into jets. Several jet algorithms are used to perform the combination in different environments -e + e − , pp or e ± p collisions. A detailed overview of their properties can be found elsewhere [6, 7] .
The number of jets reconstructed a given collision event depends on the applied jet algorithm and used resolution parameters. For the exclusive algorithms widely used in e + e − jet studies, a distance measure y ij is defined for a pair of particles i and j. For instance, for the k T algorithm [8] it is introduced with total visible energy in the event E vis , energies of particles E i , E j and angle between them θ ij
As long as y ij is smaller than resolution parameter y, the particles i and j are combined by adding their 4-vectors. In this way y defines the number of jets in the event.
To define the number of jets obtained with cone-like algorithms [9, 10] with a minimum energy requirement for a jet, the minimal half opening angle of jet cone R can be used, e.g. y = 1 − cos R [11] . For the inclusive clustering algorithms, often used in e ± p and pp jet studies, or for the cone-like algorithms with fixed R parameter, the number of hard jets is defined with a cut on jet (transverse) momentum or jet (transverse) energy [7] .
The quantities of interest measured in e + e − jet studies [2] [3] [4] [5] are N -jet rates and the distribution of transition parameters D i,i+1 . The N -jet rates are defined as a ratio of production cross section of events with N jets at some y value to the total hadronic cross section. The transition parameters D i,i+1 are defined as values of y for which the event changes from i to i + 1 jets.
In the e ± p jet studies the quantities of interest are the multi-jet double differential cross sections in bins of transverse momentum (energy) of jets and photon virtuality [12, 13] . Similarly, in the pp jet studies the multi-jet differential cross sections are measured in bins of transverse momentum of leading jets [14] .
3 Event classes and relation to other jet observables
Event classes
An application of jet algorithm with a fixed set of resolution parameters {y 1 < y 2 < · · · < y n } results in set C = {r 1 r 2 . . . r n } of natural numbers for each event, where r i corresponds to number of jets obtained with resolution parameter y i . We use C to label events in classes, which have the same C and therefore the same topology. To limit the number of possible classes, we treat events with number of jets N < N min as events with N min jets and events with number of jets N > N max as events with N max jets. In the general case the total number of classes, K, is
For the exclusive k T algorithm in e + e − collisions, the number of jets rises monotonically with the decreasing resolution parameter y. In this case the number of classes is smaller 2 :
For this reason it will be used for the illustrative purposes below. An example of the distribution of event classes in e + e − collisions simulated with the SHERPA2.2 MC [15] is given in Fig. 1 . The exclusive k T algorithm (see Ref. [16] for implementation details) was C   2222  2223  2233  2333  3333  2224  2234  2334  3334  2244  2344  3344  2444  3444 Fractions of event classes obtained with the exclusive k T algorithm at particle level from e + e − sample simulated with SHERPA2.2 using α s (M Z ) = 0.12. The vertical error bars show the square roots of the covariance matrix diagonal elements multiplied by 10 for better visibility.
used at particle level with the set of resolution parameters {0.1000, 0.0215, 0.0046, 0.0010} and N min = 2, N max = 4.
Relation to jet rates
We denote the fraction of events of a given class with κ r 1 r 2 ...rn or κ i=1...K . The fraction of classes can be related to N -jet rates and transition parameters. The N -jet rates for every y cut, R N =N min ...Nmax (y = y 1 y 2 . . . y n ), can be obtained from the fraction of events in classes with R N (y i ) =
For instance, for the chosen set of resolution parameters for the exclusive k T algorithm
In the general case for all jet rates this can be expressed as a linear transformation from fraction of event classes:
where the matrix A R is constructed to sum all the contributions from all classes to the particular R N =N min ...Nmax (y = y 1 y 2 . . . y n ). This relation by construct delivers results identical to a simple jet counting. In the particular case of the chosen set of resolution parameters 
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The jet rates obtained with Eq. 7 from the distribution in Fig. 1 Jet rates obtained from the with the exclusive k T algorithm at particle level from e + e − sample simulated with SHERPA2.2 using α s (M Z ) = 0.12. The vertical error bars show the square roots of the covariance matrix diagonal elements multiplied by 10 for better visibility.
Relation to differential jet rates
The fraction of events with transition parameters in bins [y j − y j+1 ] can be obtained similarly to the jet rates: 
The differential-jet-multiplicity distributions [17] can be obtained from D i,i+1 [y j − y j+1 ] distributions with a division by corresponding bin width y j − y j+1 . In the particular case of the chosen set of resolution parameters 
4 Statistical correlations
Classes-bases method
As every event is assigned to a class uniquely, the measured numbers of events in every class are statistically independent. The fraction of events in every class follows a multinomial distribution with corresponding covariance matrix
Therefore, covariance matrices for the jet rates V R and transition parameters V D can be obtained from the V κ using the matrices from Eq. 7 and Eq. 9:
Comparison to sampling method
In many studies of jet production in e + e − collisions [2] [3] [4] [5] the correlations between measured jet rates were estimated from the sampling of MC simulated events. By choosing large number of events out of the set of all MC simulated events, N subsamples were built.
Then the jet rates were measured at particle level in every subsample and the covariance matrix was estimated as
where k enumerates measurements obtained in the k-th subsample, i and j indexes correspond to Eq. 7 and bar denotes the mean of quantity over the subsamples.
In this paper the procedure was applied to the e + e − event samples simulated with the SHERPA2.2 MC program [15] and clustered with the exclusive k T jet algorithm. In total 1000 with 100 events each were generated. The used steering card is shown in Listing 1. The correlation matrix,
, calculated with the sampling method is given in Tab. 1. Table 1 : The e + e − jet rates correlation matrix W R [i, j] calculated with sampling method. The sample is simulated with SHERPA2.2 using α s (M Z ) = 0.12. The rows and columns are ordered according to Eq. 7.
The confidence intervals of the obtained correlation coefficients ρ = W R [i, j] can be calculated using Fisher's z-transformation [18] . According to Ref. It was found that the classes-based method and the sampling method with large number of samples give very close results. However, the results obtained with sampling method have sizeable uncertainties, especially for the low values of correlation coefficients. This property of the sampling method comes from the ignoring addition information of event independence within the subsamples.
To study the dependence of the obtained results on the MC settings, the calculations from previous sections were repeated with samples generated using α s (M Z ) = 0.09, 0.10, 0.11, 0.12, 0.13, 0.14, 0.15. It was found that the correlation coefficients obtained with both methods show significant dependence on the value of α s (M Z ) used in the simulation (see Fig. 3 ). Therefore, to obtain correlation coefficients consistent with data, sampling of data or classes-based method should be used. While for the former option the precision of the obtained correlation coefficients is limited by number of subsamples [18] , the classesbased method does not face this problem. In addition, the sampling of data involves complications with corrections of the measured quantities for detector effects. Contrary to that, the correction for detector effects for classes is straightforward, can be done either "bin-by-bin", or with the unfolding procedures [19, 20] 
Summary
A new type of jet observables, classes, was introduced. The classes-based method to calculate correlations between measurements of jet observables was demonstrated. The method provides robust results, does not rely on the MC simulations and has a straightforward, self-consistent procedure for taking into account detector corrections. Listing 1: SHERPA2.2 steering card for e + e − sample simulated with α s (M Z ) = 0.12.
